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Abstract. We report the appearance and the metamorphoses of spi-
ral wave chimera states in coupled phase oscillators with inertia. First,
when the coupling strength is small enough, system’s behavior resem-
bles classical 2D Kuramoto chimeras with bell-shape frequency char-
acteristic of the incoherent core. As the coupling increases, the core
obtains concentric regions with different constant frequencies, which
means that a chimera becomes quasiperiodic . Eventually, with a sub-
sequent increase in the coupling strength, only one such region is left:
all oscillators in the core become frequency-coherent. An essential mod-
ification of system’s behavior occurs, when the parameter point enters
the so-called “solitary” parameter region, where isolated oscillators can
arise inside the spiral background. These solitary oscillators do not par-
ticipate in the common spiraling around the cores. Instead, they start
to rotate with an average frequency different from both spiral and core
ones. The disposition of solitary oscillators can be any, as it is given by
the initial conditions. At a further increase in the coupling, the spiral-
ing disappears, and the system passes to a spatial or spatiotemporal
chaos.
1 Introduction
Spiral wave chimeras are fascinating two-dimensional (2D) patterns first reported
by Kuramoto & Shima in [1,2]. Their striking name was proposed seven years later
in [3]. Manifesting the regular 2D spiraling, they possess, nevertheless, finite-sized
incoherent cores, where the behavior is characterized a bell-shaped average frequency
distribution of individual oscillators. In the last decade, spiral wave chimeras have
been intensively studied both analytically and numerically [4,5,6,7,8,9,10], and, very
recently, they have got an experimental confirmation [11].
In this paper with the use of bulky numerical simulations, we will demonstrate
the appearance of spiral wave chimeras for the Kuramoto model with inertia and
will study their bifurcations with increasing the coupling strength µ. The transition
starts with a standard chimeric pattern with an incoherent bell-shaped core and goes
to the situation where the core is coherent. The latter means that all in-core os-
cillators are rotating with the same average frequency different from those for the
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spiraling oscillators outside the core. The transition including also intermediate par-
tially synchronized states ends, eventually, in a spatiotemporal chaos. It is illustrated
for chimeras with 4 cores in detail. We believe that it is characteristic also of more
complex spiral chimera states with a larger number of cores.
Depending on the parameters, all coherent cores of a spiral chimera state can have
the same or, on the contrary, different core frequencies. After entering the so-called
“solitary region,”’ spiral cores are normally surrounded by solitary oscillators [12,13]
which follow the average core frequency.
Our model is a two-dimensional array of N×N identical phase oscillators of the
Kuramoto–Sakaguchi type with inertia, where phases ϕi,j evolve according to the
equation
mϕ¨ij + ϕ˙ij =
µ
BP (i, j)
∑
(i′,j′)∈BP (i,j)
sin(ϕi′j′ − ϕij − α), (1)
where indices i, j = 1, ..., N are periodic modulo N , m is the mass,  is the damping co-
efficient, and α is the phase lag. The coupling is assumed to be non-local and isotropic:
each oscillator ϕij is coupled with equal strength µ to all its nearest neighbors ϕi′j′
within a range P , i.e., to the oscillators falling in the 2D circle-like neighborhood
BP (i, j) := {(i′, j′):(i′ − i)2 + (j′ − j)2 ≤ P 2}.
Without loss of generality, we put m = 1 and  = 0.1 in system (1).
Numerical simulations were performed on the basis of the Runge–Kutta solver
DOPRI5 on the computer cluster CHIMERA, http://nll.biomed.kiev.ua/cluster. The
Ukrainian Grid Infrastructure kindly provided us the distributed cluster resources
and the parallel software with graphics processing units [14,15].
2 Spiral wave chimeras with 2 and 4 cores
Fig. 1. Snapshots of phase distributions ϕi,j for spiral wave chimera states with incoherent
core: (a) - 2-core spiral wave chimera state (α = 0.82, µ = 0.005,  = 0.1, P = 14, N = 200),
(b) - 4-core spiral wave chimera state (α = 0.77, µ = 0.012,  = 0.1, P = 42, N = 600).
Figure 1 illustrates two examples of spiral wave chimera states with 2 and 4
incoherent cores, which typically exist in model (1) at small enough values of the
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coupling parameter µ and at intermediate α (obtained at the parameter points A
and B shown in Fig. 2(a)). What is the fate of these states with an increase in the
coupling strength µ? We will demonstrate this later on by the example of the 4-core
chimera shown to the right. First, we present the main parameter diagram to give a
general comprehension of the model.
Fig. 2. Stability regions in the (α, µ) parameter plane for 2- (blue) and 4-core (green) spiral
wave chimera states and the region for spiral waves with coherent cores (red); stability region
for solitary states (gray): (a) - r = 0.07, (b) - r = 0.16. ε = 0.1. Snapshots of the states are
shown in inserts.
The results of direct numerical simulations of model (1) with N = 100 in the
two-parameter plane of the phase lag α and the coupling strength µ are presented
in Fig. 2 for the coupling radii r = 0.07 (a) and 0.16 (b). This figure reveals the
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appearance of regions of 2- and 4-core spiral wave chimera states, shown in green
and blue, at intermediate values of the phase lag α. Alternatively, if the oscillator
interactions are not phase-lagged (α = 0) or if α is small, the network displays the
full synchronization.
This synchronous behavior is Lyapunov-stable for all α < pi/2 and for any µ > 0.
However, its basin of attraction shrinks with an increase in α, since many other stable
states arises. All together they capture the major part of the phase space. The “synch
basin” size is an essential characteristic of multistable systems [16] which is actual for
our model (1) as well.
In the opposite situation where the phase lag α is close to pi/2, the so-called solitary
states obey the major part of the parameter space: A number of the network oscillators
start to behave themselves differently, as compared to all frequency-synchronized
other ones [10]. The solitary state region (shown in gray) persists at large α and at µ
detached from 0 up to the inverse homoclinic bifurcation curve HB, where the very
last limit cycle (image of a single-solitary state) sticks on the homoclinic contour and
disappears.
The regions of spiral wave chimeras are shown in Fig. 2 (a-b) as shaded (color)
tongues. The tongues are issued from the µ = 0 level at some α0 < pi2, each is
characterized by the number of cores, as it is illustrated by insets. Only the regions
for 2- and 4-core chimeras are shown. Of a special interest is the region, where chimeras
are characterized by the coherent core dynamics (shown in red). There is also a blank
strip between the chimera and solitary regions, where the dynamics is represented by
a developing spiral chaos. The pink dotted line in Fig 2(a) indicates the upper border
for all spiral regions including the spiral chaos.
Fig. 3. Stability regions for 2- (blue) and 4-core
(green) spiral wave chimera states in the (α, P ) pa-
rameter plane for system (1). ε = 0.1, µ = 0.015,
N = 100.
Figure 3 shows regions for
the spiral wave chimera states
with 2 and 4 cores in the (α, P )-
parameter plane at fixed µ =
0.015. As it can be observed at
r = 0.016, the α-interval for
the 4-core chimera is much wider
than that for the 2-core one.
Hence, the stability region for
the 2-core chimera in Fig. 2(b)
is smaller with respect to the
case of r = 0.07 (Fig. 2(a)). In
addition, the stability region for
the chimeras with coherent cores
(red) lies inside the solitary re-
gion (gray) for r = 0.016. It is
in contrary to the r = 0.07 case
where the chimeras with coherent
cores can exist also outside the
solitary region.
A scenario typical of the transition of the 4-core incoherent chimera state to a
coherent one is illustrated in Fig. 4, where we fix the phase lag α = 0.42 and increase
the coupling strength µ along the vertical line with small circles in Fig. 2(a) from
bottom to top. Only one of four cores is shown, the others are qualitatively similar.
First, in Fig. 4(a) which is obtained for µ = 0.01, the solution profile represents
a classical chimera with an incoherent bell-shaped core. For larger µ, the frequency
profile sharpens up and, at some value µ ∼= 0.05, loses its smoothness. An additional
concentric ring arises, as shown in Fig 4(b), and the chimera becomes quasiperiodic.
With a further increase in µ, the new concentric rings with constant average frequency
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Fig. 4. Spiral wave chimera transformation. Snapshots of the phase distributions ϕi,j (left
column), average frequencies ω¯i,j (middle column), and their cross-sections (right column)
for a single core of spiral wave chimeras: (a) - incoherent core (µ = 0.01), (b) - partially
coherent core (µ = 0.06), (c) - coherent core (µ = 0.07), (d) - coherent core with solitary
cloud (µ = 0.11), P = 56, N = 800; (e) - spatiotemporal chaos (µ = 0.55, N = 100).
α = 0.42,  = 0.1. Interval of average frequencies ∆T = 1000.
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appear, and the quasiperiodic dynamics becomes more involved (not shown in the
figure, see the figures of the next chapter).
Eventually, after a sequence of metamorphoses, only one region of this kind re-
mains, i.e., all oscillators inside the core start to rotate with the same average fre-
quency. Thus, the chimera state with a coherent core is born, as illustrated in Fig.
4(c) for µ = 0.07. We find that such striking behavior with the bi-stable frequency
characteristic, one per core, persists at a further increase of µ. However, after entering
the solitary region at µ ≈ 0.081, the isolated oscillators outside the cores can arise,
and they begin to follow not the spiraling, but the core dynamics.
Spiral wave chimera of this kind with isolated oscillators is illustrated in Fig.
4(d) for µ = 0.11. The pattern is obtained from random initial conditions. It is
characterized by a cloud of randomly allocated solitary oscillators around the core
oscillating with its own frequency. The number of solitary oscillators in the cloud can
be any, by depending on the initial conditions. In particular, the cloud can include
only one or a few solitary oscillators or even no ones at all (cloud disappears); all these
states can be obtained only by choosing the specially prepared initial conditions.
Fig. 5. Evolution of spiral-wave chimeras for 4-core spirals with increase in the coupling
parameter µ. Frequencies and average frequencies of each of the cores ω¯i,j are indicated by
different colors; α = 0.42, N = 100, P = 7 (r=0.07),  = 0.1, t = 2 × 104. Points b) and c)
correspond to Fig. 4(b) and Fig. 4 (c) for N = 800.
With a further increase in µ, the shape of a coherent core undergoes dramatic
deformations. Moreover, new frequencies can appear in the solitary cloud. This is
illustrated in Fig. 4(d). The scenario ends eventually, when the spiral dynamics in
Eq.(1) ceases to exist with a further increase in µ. After that, only solitary states are
left in system’s dynamics: a huge variety of multifrequency states can be generated
due to specially prepared initial conditions; one striking example is illustrated in Fig.
4(e). The number of different stable solitary states grows exponentially with system’s
size N . Then the network dynamics is identified as a spatial chaos (see [17]).
In Fig. 4, the typical transformations of only one core of a 4-core chimera are
shown. A question arises about the behavior in other three cores: Are the frequencies
of oscillators the same or can be different? In Fig. 5, we present the evolution of all
four frequencies ω¯1 ω¯2, ω¯3, and ω¯4, as well as the basic spiral frequency ω¯0. Fixing
the parameters α = 0.42, r = 0.07, P = 7 and varying µ from 0.01 to 0.1, we
observe that different situations can occur. First, at small µ, the core frequencies are
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Fig. 6. Examples of 4-core spiral wave chimeras with partially coherent cores (only one core
ia shown). Upper row - phase distributions ϕi,j , next two rows - average frequencies ω¯i,j and
their 3-D illustrations, bottom row - cross-sections of average frequencies ω¯i,j at the center
of the core. Incoherence is located at: (a) - core center and border (α = 0.62, µ = 0.055, N =
600, P = 96), (b) - center and border of a 3-step-wise core (α = 0.72, µ = 0.027, N = 600,
P = 96), (c) - center and border of a multiple-step-wise core (α = 0.55, µ = 0.032, N = 800,
P = 56), (d) - core border (α = 0.47, µ = 0.115, N = 600, P = 96),  = 0.1. Interval of
average frequencies ∆T = 1000.
essentially different. Further, with increase in µ beyond some µ ≈ 0.071, they become
practically identical. The more precise inspection approves, however, that only three
such frequencies coincide, the fourth one is slightly deviating. This situation still valid,
if we remain inside of the coherent oscillator region (colored by red in Fig. 2(a)).
Examples of different core frequencies will be shown in the next section.
In Fig. 6, four more examples of the striking 4-core dynamics are presented to
illustrate the variability of the behavior.
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3 Conclusion: Emerging network dynamics
As we observed above, the network dynamics becomes much richer, if the inertia is
added into the standard Kuramoto model. Numerous new states that are not possible
without inertia arise. Spiral wave chimeras are influenced by solitary states, and the
spatial chaos behavior become a universal phenomenon in a wide parameter region.
As one can observed, isolated oscillators are always present in the phase space,
as soon as the simulation is performed in the solitary parameter region with random
initial conditions (although the solitaries can always be remove by slight corrections
of the initial states of oscillators).
Interestingly, the number of different frequencies can be quite large. At least, we
observed ten, as illustrated in Fig. 7(b). The number of incoherent cores can also
be quite large, e.g., 10 and 26 in Fig. 7(a) and (b), respectively. Then the behavior
develops in the form of a classical spiral chaos, but with incoherent core dynamics.
Fig. 7. Multiple spiral wave chimeras. Snapshots of the phase distributions ϕi,j : (a) - 10-core
spiral wave chimera state (α = 0.76, µ = 0.017,  = 0.1, P = 56, N = 800), (b) - 26-spiral
wave chimera with solitary oscillators (α = 0.88, µ = 0.025,  = 0.1, P = 7, N = 100).
Figures 8 and 9 illustrate the examples of spiral wave chimeras typically observed
in model (1), when varying the parameters.
In Fig. 8, the phase distributions ϕi,j of spiral waves, spiral wave average fre-
quencies ω¯i,j , cross-sections along a dashed white line (third column), and ordered
oscillator index for oscillators with average frequencies ω¯i,j > ω¯0 are shown. These
patterns were obtained from random initial conditions. Here, for the clearly seen in
color differences of average frequencies ω¯i,j , their interval in Fig. 8 was taken from
−0.16 to −0.07, although the average frequency of the main cluster ω¯0 ≈ −0.44....
Figure 8 shows that the coherent spiral cores can have individual average frequen-
cies. Moreover, solitary oscillators are located on core’s border or outside the spiral
cores and can have average frequencies distinguished from every other spiral core.
The number of the clusters of average frequencies does not depend on the number of
spiral wave cores. For 2 (Fig. 8(a)), 4 (Fig. 8(b)) and 6 (Fig. 8(c)) spiral waves, the
number of the of clusters is the same and is more than 10 (see the ordered oscillator
indices). This number is determined by parameters of system (1).
Finally, we present the 2-core spiral wave chimeras with solitary clouds in Fig. 9
for the high dimension N = 800 at the parameter values α = 0.45, µ = 0.15,  = 0.1,
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Fig. 8. Spiral wave patterns with solitary oscillators. Snapshots of the phase distributions
ϕi,j , their average frequencies ω¯i,j with cross-sections along the dashed white line, and
ordered oscillator index for oscillators with average frequencies ω¯i,j > ω¯0: (a) - 2-core spiral
wave, b) - 4-core spiral wave, (c) - 6-core spiral wave. α = 0.45, µ = 0.11,  = 0.1, N = 100,
P = 7. t = 2× 105. Interval of average frequencies ∆T = 1000.
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Fig. 9. 2-core spiral wave chimera with solitary clouds: (a) - snapshots of the phase dis-
tributions ϕi,j , (b) - average frequencies ω¯i,j , (c) - cross-section of average frequencies ω¯i,j
along the dashed white line in (b) at j = 419, (d-f) - structure of the left spiral core on an
enlarged scale at the cross-section of ω¯i,j at j = 413. α = 0.45, µ = 0.15,  = 0.1, N = 800,
P = 56. t = 104. Interval of average frequencies ∆T = 1000.
and P = 56 obtained from random initial conditions. While the average frequencies
ω¯i,j of the spiral cores are identical (green color in Fig. 9(b)), the solitary clouds can
have different average frequencies ω¯i,j (yellow and red colors in Fig. 9(b)), as clearly
seen in the cross-section at j = 419 in Fig. 9(c). Note that the both spiral cores have
incoherence at core’s borders in this example. The structure of the left spiral core is
presented in Fig. 9(d-f) in detail on an enlarged scale at the cross-section of average
frequencies ω¯i,j at j = 413.
In conclusion, we have identified a novel scenario for the spiral wave transition in
networks of coupled oscillators with inertia. It consists in the appearance of quasiperi-
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odic chimera states with quasiperiodic, multifrequency cores ending eventually in
chimeras with pure coherent core with a solitary cloud of isolated oscillators in the
spiraling part of the phase space. We believe that this kind of behavior indicates a
common probably universal inertia-induced phenomenon in Newtonian networks of
very different nature.
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